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Analytical Control Law for Desirable Aircraft
Lateral Handling Qualities
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and
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A model-matching technique is used to synthesize a control law which augments the lateral dynamics of an
aircraft. The feedback and feedforward gains are derived in terms of the literal stability derivatives and the
control law is designed to satisfy specified lateral handling criteria. The augmented plant has specified lateral
characteristic poles and a decoupled transfer function matrix between the aileron and rudder angles as inputs
and the bank and sideslip angles as outputs. Approximate relationships are derived between the basic and
augmented stability derivatives and presented in tabular form. The feedback gains are determined using the
augmented derivatives. Simulation examples for three different flight conditions of a STOL aircraft are given to
illustrate and substantiate the effectiveness of the control law.

Nomenclature
A,B, C = coefficient matrices of the plant in Eq. (1)
F, G, H = coefficient matrices of the desirable model
fij = parameters defined in Eq. (6)
/ = unit matrix of appropriate size
K^tKp = sensitivities of the control inputs in Eq. (3)
L^ =mxm matrices defined in Eq. (5)
L( },N( ) > Y ( ) = dimensional stability derivatives in Eq. (2)
m = number of inputs or outputs
N^a = numerator polynomial in the transfer

function < £ ( s ) /da (s)
n = state dimension of the plant
p = roll rate
Q = gain matrices defined in Eq. (5)
r = yaw rate
s = Laplace operator
u = m-dimensional input vector
V0 = flight velocity

jc = state vector
y = m-dimensional output vector
j3 = sideslip angle
70 = glide path angle
Aiat = characteristic polynomial of the lateral

dynamics
d = control surface deflection
f = damping ratio
T = time constant
0 = bank angle
oj = natural frequency
Superscripts
T
_ j

Subscripts
a
d
m
P
r

= matrix or vector transpose
= inverse of a matrix

= aileron
- dutch roll
= model
= plant or roll rate
= yaw rate, rudder, or roll mode
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s = spiral mode
0 = sideslip angle
$ = bank angle

Introduction

THE implicit model-following method has several ad-
vantages over the explicit model-folio wing method for

the design of stability and control augmentation systems
(SCAS) for aircraft.1>2 These advantages include the fact that
the derived control law is simpler and the feedback gains are
smaller. The compensator is also less complex since it does not
require implementation of a "desirable model," which avoids
errors due to the initial conditions of the compensator. In
addition, the characteristic roots of the plant may be placed
nearer to those of the model, giving the augmented plant a
better gust response.J Neither method, however, can directly
incorporate the criteria for the lateral handling qualities in the
augmented responses of the plant because of the use of a
quadratic performance index of the output errors and inputs.
The situation becomes worse when weighting matrices are
interposed into the index. Consequently, acceptable results
can usually be obtained only after completing a computer
simulation.

For the solution of these problems, the authors had
previously discussed a model-matching technique,3 which is
more closely related to an implicit model-following method
than an explicit one, and they have derived explicit feedback
laws using a simplified set of lateral dynamics for the aircraft.
The design specifications, however, are directly achieved in
the model-matching method, since the main requirement is
that of finding a controller that forces the plant to follow the
desirable model in an input-output sense. In this paper, the
results given previously3 are extended and verified. In par-
ticular, the following points are discussed:

1) Feedback and feedforward gains are based on linearized
equations of the lateral dynamics. In particular, the
derivatives L'r and N'p, previously neglected, are retained and
equations are derived explicitly in terms of the stability
derivatives.

2) Approximate equations for these control gains and the
augmented stability derivatives are given and their effects on
the lateral stability and control characteristics are examined.

Simulation examples for three different flight conditions of
a STOL aircraft are then presented to illustrate and sub-
stantiate the following: 1) the effect of simplifying the aircraft
dynamics; 2) the output tracking characteristics of the
augmented plant; 3) the pole-zero assignments of the
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augmented plant to their desirable locations; 4) the accuracy
of the approximate control gains and the augmented stability
derivatives; and 5) the sensitivities of the control gains to the
parameter variations of the plant.

It is assumed in this paper, as in any explicit and implicit
model-following method, that all of the states of the plant are
measurable and that a state observer4 can be used, if
necessary, to construct the estimates of the states.

Aircraft Dynamics and Desirable Model
The aircraft lateral dynamics which are to be controlled are

essentially the same as those given in Ref. 3 and are
reproduced here for convenience:

xp=Axp+Bup yP=Cxp

where the state, input, and output vectors of the plant are

(1)

The coefficient matrices A, B, and C are given by

Li

C=
0

0

0

TV;
17-1

o
0

B=
0 0

N*a "ir

v* v*J. f.n JL s_

(2)

model. Its diagonal components
W are given by

( s ) / 8 a m ( s ) and

(3)

where K^ and K0 are the control effectiveness and T5,Tr,frf,
and cod are the spiral time constant, roll time constant, dutch
roll damping, and natural frequency, respectively. The values
of these constants are to be selected by the designer according
to some desired handling qualities of the aircraft.

Analytical Control Law and Augmented Stability Derivatives
The model-matching method, which is used to derive the

control law, is described in Ref. 3. It has the following
restrictions applied to it. The dimensions of the plant and
model inputs and outputs must be of the same order, and the
triplets (A,B,C) and (F,G,//) of the plant and the model
must be completely controllable and observable. In addition,
Num det C(sI—A) ~}B must have no zeros in the right-hand
side of the s plane,t where

-;

The control law derived using the model-matching
algorithm is given by

where uT
m= [6fl/w,6r/ll] is the vector of the reference aileron

and rudder control inputs to the augmented plant. The gain
matrices Q and L are given by

~ 7 r-N8rLp+Ldr(Np-Y,)
A L NdaLp-Lda(Np-Y,)

*-;[ N&J2

L*=

~Ldaf22 (5)

In the following analysis, it will be assumed that the
stability derivatives Y*f Yf, Y*ba are small and may be
neglected.3 In addition, the derivative Y$r will also be
neglected.§ These simplifications will be examined later.
However, the derivatives L'r and Np, which were neglected in
Ref. 3, are retained in the dynamic equations in order to
provide a more realistic dynamic model of the aircraft. In
addition, in the following work the primes and asterisks on
the stability derivatives are dropped for convenience and the
desirable model is selected on the basis of the following
handling qualities5: 1) poles of the roll, spiral, and dutch roll
modes are located at specified positions; 2) numerator-to-
denominator frequency ratio of the dutch roll mode, oj0/w r f,
is approximately unity, which means that the roll-yaw
coupling characteristics are good; 3) ratio of the bank angle to
the sideslip angle of the dutch roll mode \<}>/ft\d is small,
which alleviates the gust response; 4) sideslip angle /3 is
minimized, which yields good coordinated-turn charac-
teristics; and 5) control effectiveness is selected to achieve a
given set of values.

These requirements are realized by means of a decoupled
transfer function matrix3 which represents the desirable

where the coefficients //,- are determined by the desirable
location of the poles and are defined by

fn=l/T5Tr (6)

Using the control law of Eq. (4), the matrices of the plant A
and B are augmented, respectively, to A+BQ and BL^ in the
closed-loop system. The first term Q of the feedback gain Q is
the one that shifts all the characteristic roots of the plant to
the origin of the s plane. This can be confirmed by calculating
the poles of the matrix A+BQ. The factor Q of the second
term moves the poles from the origin to the specified
locations. The feedback gain £M , on the other hand, is used
for adjusting the control sensitivities and eliminating their
coupling. The driving matrix B conveys the pilot's commands
and in the closed-loop system is

0

0
(7)

To determine how the stability derivatives in the matrix A
are affected by the control law, explicit and simple ex-

§Stengel8 has recently worked on the same dynamic equations for
horizontal flight conditions.

HThis restriction is imposed to assure the stability of the com-
pensator.
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Table 1 Approximate augmented stability derivatives

Stability
derivatives Augmented stability derivatives

P- Lr T > T
da LdaN8r

-P^t/-,, + :

Lda> ~^br K<j)> "

N N 0 —K

V Y — * 8a Y — _— Ydo' or T » r or' x r 5r

pressions which describe the elements of the matrix A+BQ
will now be sought. For this purpose, the augmented
derivatives are calculated assuming that in Eq. (5),

for (8)

This approximation is sufficiently accurate for con-
ventional aircraft. Table 1 shows the approximate augmented
stability derivatives which are denoted by ( • ) aug. It is to be
noted that £0aug and A^aug, which are the zeros in the original
equations, appear when augmented. The effects of Ydr on the
augmented derivatives, which were neglected in the derivation
of the control law, are also given in the table. Each Y
derivative in the bottom row of A varies by the value of the
corresponding element of the second row of the matrix Q
multiplied by Ydr. The value of Y8r, however, is small (usually
of the order of 10 ~ 2 ) and has little effect on the closed-loop
system. Should the control law be derived without neglecting
Ydr, it would be more complex with dynamic compensation.3

Using Eq (8), the approximate feedback and feedforward
gains in Eq. (5) are determined in terms of the augmented
derivatives given in Table 1:

G=

-L

Numerical Example and Discussion of Results
Some simulation studies were conducted to verify the

control law given in Eqs. (4) and (5), their approximate gains
in Eq. (9), and the augmented stability derivatives in Table 1.
The main points of concern are those five discussed in the
Introduction. For this purpose a numerical example of a
STOL aircraft was taken from Hartmann.6 Three flight
conditions were investigated (FC Nos. 1 to 3) and are
described in Table 2. The values of the basic stability
derivatives are given in Table 3. It is desired that the
augmented dynamics for each flight condition exhibit the
desired transfer functions of Eq. (3), whose characteristics
poles are determined to be

= 0.02 cod=2.3 (10)

Effects of Simplifying the Controlled Dynamics
To illustrate the effects of simplifying the aircraft

dynamics, two time histories, one with simplified dynamics
and the other with complete dynamics, are presented in Figs,
la and 2a for FC No. 2. Figure la gives the responses of the
unaugmented aircraft to a 3-deg rectangular pulse aileron
input dam of 1-s duration (an "impulse") and Fig. 2a gives the
responses to a 3-deg step rudder input drm. These figures show
that neglecting Y^Y^Y^, and Y8r in the dynamics does not
produce a significant difference between the two time
histories. These figures also show the problems caused by the
deficient dutch roll and the spiral instability of the controlled
plant. The desirable responses 4>m

 anc* $m are also shown in
the figures. They are achieved by a control law that matches 0
with </>mt while keeping 0 close to zero in Fig. la, and 0 with
0m, while keeping </> close to zero in Fig. 2a.
Tracking Performance

The responses of the augmented aircraft described by the
control law in Eqs. (4) and (5), and shown in Figs. Ib and 2b,
exhibit good tracking and decoupled performances. Figures
3a and 3b illustrate the unaugmented and augmented
responses to a 3-deg drm input for FC No. 1. It is seen that the
unaugmented response of </> diverges to more than 20 deg in 10
s, and that it is suppressed to about 2 deg after augmentation.
The control magnitudes are within 3 deg. In these calculations
the control sensitivities, K^ and Kp, were selected such that
the diagonal elements of the feedforward gain L^ in Eq. (5)
are equal to unity. The control gains for each flight condition
are given in Table 4. This table also shows the approximate
values that were obtained using Eq. (9), where K^ =Lda and
Kp = —N6r were selected. This selection makes the values of
the diagonal elements of L^ equal to unity, which implies that
the control effectiveness of the augmented plant is equivalent
to that of the basic aircraft. It is confirmed in Table 4 that the
approximation of Eq. (9) to Eq. (5) is excellent.

Accuracy of the Augmented Stability Derivatives
Two kinds of augmented stability derivatives are shown in

Table 3. The one termed *'complete" was obtained from the
closed-loop system, where the exact control gains, Eq. (5),
were used in the complete dynamic equations. The other,
termed "approximate," was calculated using Table 1. Both
sets show good agreement.

(9)
where Ea=Nia/LSa and Er = LSr/NSr. The gains Q and L" in Eq. (9) from now on will be called the approximate gains of Eq. (5).
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Table 2 Flight conditions of the STOL aircraft used for numerical example

FC
No.

1
2
3

Flight condition

Cruise, fully loaded
Descent
Steep descent

Mass,
kg

3500
3400
3500

Altitude,
m

2000
0
0

Forward
velocity V0,

m/s

77.8
33.4
30.9

Flap
position,

deg

0
20
52

Glide path
angle y0,

deg

0
-5.4
-10.4

Dynamic
pressure qD ,

N/m2

3046
683
585

Table 3 Stability derivatives8 of the basic and augmented aircraft

FC No. 1 FCNo.2 FC No. 3

Augmented dynamics Augmented dynamics Augmented dynamics
Stability Unaugmented Complete Approximate Unaugmented Complete Approximate Unaugmented Complete Approximal

derivatives dynamics (Eq. 5) (Table 1) dynamics (Eq. 5) (Table 1) dynamics (Eq. 5) (Table 1)

Lp -5.247
L0 0.0
Lr 1.190
L0 -8.830
Np -0.0341
N^ 0.0
TV,. -1.406
7V0 5.673

Yp -0.0024
F0 0.1260
Yr 0.0131
70 -0.2224

L6fl 15.120
Ldr 4.891
7V6fl -0.1979
N8r -6.166
F6a 0.0
F5r 0.0814

-2.520
0.2019

-1.999
-0.4049

0.0839
0.3085

-2.998
4.623

-0.0045
0.1219
0.0349

-0.2099

14.963
0.0
0.0

-6.102
-0.0026

0.0814

Same as
the left
column

-0.0045
0.1219
0.0347

-0.2100

15.120
0.0
0.0

-6.166
-0.0026

0.0814

-2.670
0.0
2.050

-1.304
-0.1558

0.0
-0.7450

1.829

0.0
0.2921
0.0134

-0.1095

3.356
0.1426
0.2363

-1.141
0.0
0.0350

-2.520
0.0420

-0.3149
-0.0282

0.5188
1.281

-3.111
4.949

-0.0202
0.2532
0.0804

-0.2017

3.386
0.0
0.0

-1.151
0.0073
0.0350

Same as
the left
column

-0.0204
0.2529
0.0809

-0.2025

3.356
0.0
0.0

-1.141
0.0073
0.0350

-2.488
0.0
2.299

-1.216
0.2383
0.0

-0.6716
1.644

-0.0005
-0.3119

0.0131
-0.0984

2.887
0.2728
0.1491

-0.9774
0.0
0.0315

-2.520
0.1694

-0.7034
0.0553
0.4782
1.247

-3.122
4.983

-0.0233
0.2726
0.0859

-0.2026

2.929
0.0
0.0

-0.9915
0.0048
0.0315

Same as
the left
column

-0.0237
0.2720
0.0870

-0.2041

2.887
0.0
0.0

-0.9774
0.0048
0.0315

The derivatives are so-called primed ones and the dimensions correspond to Ref. 7.

Table 3 also shows the augmented characteristics of the
aircraft. The roll damping Lp represents-(l/Tr + l / T s ) . The
dihedral effect L0 is changed to a small negative value, and
contributes to the dutch roll damping. The yaw damping 7Vr,
the main contributor to the dutch roll damping, becomes
approximately equal to -2£dud. The weathercock stability
Np determines the natural frequency of the dutch roll mode,
and is approximately equal to co^. On the other hand, the
control effectivenesses, L^a and N8r, remain unchanged due to
the selection of K^ and K$ mentioned previously. The cross-
effectiveness derivatives, Lbr and Nda, become equal to zeros.
The derivatives Yp, Yr, Yda, and Ydr remain small, which
verifies the assumption that was made earlier.

Handling Qualities
Design specifications 3 and 4 that were used for selecting

the desirable model will now be discussed. In the con-
ventional, single-loop feedback control the feedback of p to
<5a, referred to as the roll damper, augments Lp and improves
both l/rr and the roll-gust response. One of the criteria of the
roll response to a side-gust input is the amplitude ratio

NR
(ID

for the dutch roll mode.7 Evaluating Eq. (11) using the
augmented stability derivatives from Table 3, \<i>/&\d of the
augmented airplane is found to be less than one tenth that of
the basic airplane for each flight condition. This is due to a

large decrease of L0au compared to L^. On the other hand,
the requirement of minimizing the /3 response is realized by
the feedback of /3 and 0 to dr for the single-loop control,
whose feedbacks compensate and increase Np. The values of
7V0aug in Table 3 are increased for FC Nos. 2 and 3, but are
decreased for FC No. 1. This is due to a compromise between
good coordinate-turn characteristics and the gust response.

Pole-Zero Assignment
The transfer functions of the open- and closed-loop systems

are compared in Table 5. It shows that the closed-loop system
coincides with the desired transfer function of the model even
though the small stability derivatives are neglected and the
control gains are simplified; that is, the characteristic poles
coincide with those in Eq. (10). The dutch roll mode is can-
celled in N^(s), while the spiral and the roll modes are
cancelled in N$r ( s ) .

Sensitivity Considerations
To examine the sensitivity of the control gains to the plant

parameter variations, the aircraft flying under FC No. 3 was
controlled using the control gains that were calculated for FC
No. 2. The time histories of the basic aircraft for FC No. 3,
which are not presented, exhibit more severe spiral instability
than those for FC No. 2 (Figs, la and 2a). Figures 4a and 4b
illustrate the augmented responses, where the solid lines
represent the responses for the correct values of the gains and
the dotted lines for the gain values of FC No. 2. These figures
indicate a slight spiral instability. Feedback gains that con-
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Fig. 1 Response to a three-degree impulse aileron input for FC No. 2:
a) unaugmented, b) augmented.
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Fig. 2 Responses to a three-degree step rudder input for FC No. 2:
a) unaugmented, b) augmented.

Table 4 Feedback and feedforward gains

FC Equation
No. used K<t>>K$ ^M

Complete 14.963 [ 1 . 0

Q
0.32351 T 0.1885 0.0298

Eq.(5) 6.102 [-0.0321 1.0 \ [-0.0252 -0.0510

Approximate3 15.120 [0 .1883 0.0292
Same as above

Eq.(9) 6.166 [-0.0251 -0.0499

Complete 3.386 " 1 . 0 -

Eq.(5) 1.151 0.2071
2 -

Approximate3 3.356
Same as abo

Eq. (9) 1.141

Complete 2.929 [ 1 . 0

0.04251 T 0.0692 0.0597

1.0 J [-0.5769 -1.1100

" 0.0633 0.0608
ve

-0.5851 -1.1310

0.09451 [ 0.0574 0.1767

Eq.(5) 0.992 [ 0.1526 1.0 J [-0.7243 -1.2490

Approximate3 2.887 [ 0.0460 0.1818
Same as above

Eq.(9) 0.977 [-0.7391 -1.2850

-0.2975

0.2677

-0.2913

0.2594

-0.7859

1.9100

-0.7947

1.9520

-1.2590

2.3150

-1.2850

2.3950

0.50741

0.1540J

0.49991

0.1601J

0.49201

-2.6330J

0.49791

- 2.6940 J

0.71451

-3.307oJ

0.73151

-3. 4290 J

N-Nb
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Fig. 3 Responses to a three-degree step rudder input for FC No. 1:
a) unaugmented, b) augmented.
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Fig. 4 Augmented responses to a) three-degree impulse aileron input
and b) three-degree step rudder input for FC No. 3.

Table 5 Transfer functions of the open- and closed-loop systems
(poles of the model: l/rr = 2.500, l/rs =0.020, sd=-1.610 ± 1.643y)

Open loop

FC Transfer
No. function Complete dynamics

Alat -5.293, -0.0222
- 0.780 ±2.336y

Nfa - 0.806 ±2.268y
1 Aft 2.355, -2.336

Nl, -0.813,
-20.586

N$r -5.396, 0.0017
-75.829

Alat -2.679, 0.129
- 0.487 il.453y

Nfa - 0.499 il.32Q/
2 Aft 16.448, -0.579

Nla -0.819,
4.567

Aft -2.952, 0.192
-32.790

Alat -2.447, 0.163
- 0.487 ±1.445y

Nfo - 0.444 il. 25 ly
3 Aft 7.993, -0.385

Aft -0.550,
8.705

Aft -2.922, 0.225
-31.091

Closed loop

Simplified dynamics
complete Eq. (5)

-2.521, -0.0200
- 1.600 il. 623y
- 1.610 il.643y
-0.0198
-1.643

-2.500, -0.0200

-2.483, -0.0200
-l.619il.66Q/
-~l.610il.643y
-0.198
-1.643

-2.500, -0.0200

-2.472, -0.0200
-l.624il.67Q/
- 1.610 il.643y
-0.0198
-1.643

-2.500, -0.0200

Complete dynamics
Complete Eq. (5)

-2.509,
-1.599±1
-1.604±1

0.0556
-1.887,

-2.490,

-2.475,
-1.669±1
-1.656±1

0.0400
-1.547,

-2.496,

-2.449,
-1.688±1
-1.662±1

0.0354
-1.437,

-2.488,

-0.0204
.562y
.588y

5.824
-35.200
-0.0195
-75.316
-0.0190
.577y
•560y

-8.495
13.843

-0.0195
-33.333
-0.0182
•582y
.555y

-7.131
17.146.

-0.0190
-31.915

Approximate Eq. (9)

-2.509, -0.0204
- 1.599 il. 563y
- 1.604 i 1.588./

0.0548
-1.886, 5.862

-35.384
-2.490, -0.0196

-76.092
-2.474, -0.0190
- 1.670 il. 577y
- 1. 657 i 1.559.7

0.0405
-1.547, -8.456

13.803
-2.496, -0.0195

-33.051
-2.449, -0.0181
-1.689±1.581y
- 1.663 i 1.5547

0.0362
-1.435, -7.076

17.084
-2.487, -0.0190

-31.474
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tribute to the stabilization of the spiral mode are those of j3
and r to da and yaw damper from r to dr. It is also noted from
Table 4 that these gain values are insufficient by about 30%,
37%, and 20%, respectively, to the correct values for FC No.
3. These responses, however, exhibit improved dutch roll
characteristics and a pilot could control the slight instability
because its time constant is large compared to the roll time
constant. The implementation of a programmed control in
such cases would be straightforward because the control gains
are given in terms of the literal stability derivatives.

Conclusions
An analytical control law was derived for achieving

desirable aircraft lateral handling qualities. The approximate
equations of the control gains were presented for a set of
augmented stability derivatives. Numerical examples were
given to substantiate the control law and the approximate
equations.

It is believed that the feedback and feedforward gains
derived here could furnish designers with a basic estimate of
the desirable lateral handling qualities. Direct side-force
control may be used as the third input, other than aileron and
rudder inputs. Derivation of the control gains using such three
control inputs should be of interest for application to control-
configured vehicle technologies.
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